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SLOWLY CONVERGING SERIES WHICH ARISE IN TAKING THE 
FLUENTS OF BINOMIAL SURDS, XC. 


By Taz Rev. JOHN HELLINS, F. R. S. 
VICAR OF POTTER 'S-PURY, IN NORTHAMPTONSHIRE. 


IN A LETTER TO THE REV, EVIL MASKELYNE, D. D. F. R. Ss. AND 
ASTRONOMER ROYAL. 


Res, ætas, usus semper aliquid adportet novi; 
Aliquid moneat, ut illa quæ te scire credas, nescias ; 
Et quz tibi putaris prima, in experiundo ut repudies. Ter. 
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PROBLEM IN PHYSICAL ASTRONOMY, vc: 


* 


| Read before the ROYAL SOCIETY, June 28, 1798. 


REVEREND SIR, | Potter's Pury, April 17, 1797. 
Sven is the subject of the inclosed paper, and such the repu- 
tation for skill and industry, which the many valuable papers 


you have communicated to the Royal Society, and your other 


learned works, have justly procured to you, that it could not 
with more propriety be submitted to the judgment of any other 
person than yourself, even if the writer of it were a stranger 

But there are circumstances which render my presenting it 
to you, in some measure, a duty. I had the advantage of being, 
for some years, your Assistant in the Royal Observatory at 
Greenwich; during which time, you made the important obser- 
vations on the mountain Schehallien, in Scotland, which afford 
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an ocular demonstration of the attraction of that mountain, and 
a strong argument for the general attraction of matter, a sub- 
ject nearly connected with that of the following pages; and it 
was from you that I received the problem of which you will 
here find an improved solution. 

The diffidence with which 1 entered on a speculation which 
had engaged the attention of such learned men as SIMPSON, 
Eurxn, and Dr IA GRANGE, is well known to you. Consi- 


dering the great abilities of these men, and the length of time 


Which Eur ER, in particular, appears to have employed on the 
subject, all that I at first expected to effect was, to facilitate 
the summation of the slowly converging series by means of 
which they had computed the perturbations of the motions of 
the planets in their orbits, which arise from their actions on 
one another, by the force of gravity; and that this might be 
done by a method which I had some time before discovered, 
was evident, on inspecting their series. Here, it is probable, I 
should have stopped, had not you been pleased to put into my 
hands a sheet of paper, written by the late Mr. SIMPSON, which, 


5 though very ingenious, was, by mistakes, which seem to have 
entered in transcribing it, rendered unintelligible to some emi- 


nent mathematicians who had perused it; in which state it 
had remained thirty-six years. On perusing this paper, the 
first thing that occurred to me was, a different method of find 


ing the fluent, from that which had been used by Mr. SIMPSON; 


by which means, series converging by the powers of 5 were 
obtained, while the series brought out the common way lost all 
convergency by a geometrical progression, and a computation 
by-it was more difficult than the computation of the length of 


2 Problem in pbysical Astronomy. 1 


« quadrant arch of de el by the varies 1+ 5 += 


2 Ny — A Sc. Afterwards, 1 discovered the method of trans- 


forming that series which had lost all convergency by a geo- 
metrical progression, into another in which the literal powers 
decrease very eee ; which! is thy nen I now offer 
to you. 
In comparing the belles EN? mrodaved] for computing the 
values of A and B in the equation (a — b x cos. z e ATB. 


cos. 2+ C. cos. 22 ＋ D. cos. gz + &c. with those which have 


been published for that purpose, by Messrs. EuLER and DR LA 
GRANGE, it will appear, that those cases which were the most 
difficult to be computed by their methods, are the most easy 
by mine. For instance, if Venus's perturbation of the motion 
of the Earth were to be computed, (and vice versd,) the literat 


powers which have place in M. EuLtR's series, would be very 


nearly equal to the powers of 4%; the literal powers which have 


place in M. De La GnaNOE's series, would be nearly equal to 


the powers of J; and, in the series now produced, the literal 
powers would decrease somewhat swifter than the m” 
of g. ; 

M. Dr La GRANGE has indeed, by a very ingenious device, 
obtained a convergency in the numeral coefficients of the series 
that he uses, which, for the first five terms of it, is nearly equal 
to the powers of 4; but this convergency becomes less and 
less in every succeeding term, and the coefficients approach 
pretty fast to a ratio of equality; so that, to obtain the sum of 


the series to six places of decimals, he proposes to compute 
the first ten terms of it. The case in which those coefficients 


B 


— 
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have that convergency, is when u (which answers to his 6, 


is = — Da case which does not often happen; however, from 


the 3 of A and B, when 1 = =, he derives their values 
when n = 2, 2, Sc. by another very ingenious device, worthy 


of that skill for which he is justly celebrated. But, by the me- 


thod now proposed, the chief part of the convergency is in the 
literal powers; and such a difference in the numeral coeffi- 
cients, for a different value of n, does not take place. : 

For Mars's perturbation of the Earth's motion, the literal 
powers by which the * different series converge, are 88 
as follows: 


M. EuLER' 8, * | a | +; 
M. DE LA GRANGE's, ON by the powers of 535 
The series now proposed, = 


= If, indeed, the perturbation which arises from the action of 
Jupiter upon the earth was to be computed, M. DE LA GRANGE's 


series would be the best that has hitherto been published for 


the purpose, as the literal powers of it would, in that case, be 


For obtaining nearly the different rates of convergency of the literal powers in 


the three series, it will be sufficient to consider the distance of the two planets of which 
the perturbations are to be computed, as = / (RR+rr—2R rxc,z), where R and r 
denote their mean distances from the sun, of which R is the greater, and c, z the cosine 
of the angle of commutation. Then will M. Dz La Gaance's series converge by the 


powers of the quantity IT z and, since RR +rr=a, and 2R raab, in our notations 


6d the converging quantity in M. EvLes's series is (nn) = =, it will: be = 


AS 2 
pps nol cc by te over och thn cee =F7F= 


RRR r+rr — N. 

RR4aRr+rr © (R+x)* 
Belles-Lettres at Berlin, for1781, p. 257 ; M. EuLen's Institutiones Calculi Integralis, 
Vol. I. p. 186; and Art. 4, in what follows. | 


See the Memoirs of the Royal Academy of Sciences and 


nearly equal to the powers of /, while the literal powers in 
the new series would differ but little from those of 44. 80 
that, for computing the perturbation of each of these three pla- 
nets, we now have series converging so very mailt, * the 
first four terms are sufficient for the purpose. ER 

These indeed are the perturbations of e arising nf Mag 
the actions of the planets, which the inhabitants of this globe 
have most frequent occasion to compute. And, since two of the 
three are most easily calculated by the method explained in the 
wing pages, 1 am not without hopes that I have rendered 
an acceptable piece of service to astronomers in general, and 
more especially to those who are most intent * moving 
eee s i 

But it may de proper to remark, that the uae of then new series | 
is not confined to the computations just mentioned, but may 
Successfully be used in computing the perturbations of the mo- 
tions of other planets. For instance, in the computation of 
the perturbation: of Saturn's motion by Jupiter, (and vice versd,) 
the convergency of this series will be nearly by the powers of 
x5, which is a swift rate of convergency. And, for the pertur- 
bation of the Georgium sidus by Saturn, (and vice versd,) the 
series will converge "_ by the powers of 3, which is also 

5 
And it is e to be eee provi in- * Tod. 3 
and indeed whenever the radii of the orbits of the two planets 
differ from each other in the ratio of 2 to 1, M. Dx La GRAN ORS 
series may be used with advantage, since the convergency of 
the first five terms of it will then be nearly by the powers 
of 5; the numeral coeffi cients of those terms converging as 
B 2 | 


e ˙ ! ²˙ mh 
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swiftly as the literal powers do in that case. And, when the 
ratio of the two radii is greater than that of 2 to ad his series 


will converge more swiftly. 


With great pleasure therefore 1 see, , that, by one or vi 
of these methods, some of the longest and most difficult 


calculations which formerly arose in the theory of astrono- 


my, _ now iron "fag; ehe for others which are hort and 
cx. 

It is with satisfaction also, that I perceive the en of com- 
puting by the series I now present to you, is not at all less- 
ened by the more general notation you have given to the 


denominator of the fraction from which it is derived, at the 


same time that a more accurate result is obtained than M. De 
LA GRANGE proposed. For, in the computations of which 1 
have been speaking, he neglected both the excentricities of the 
orbits of the planets, and their inclinations to the/ ecliptic, as 
inconsiderable: you, finding the effect of these omissions to be 
greater than he imagined, have taken them in. Your other 
ingenious labours on this subject will be best described by your- 
self, and cannot fail of _ gms received 155 all learned 


astronomers. 


With respect to the method by which the sums of the 1 


slowly converging numerical series, which occur in the sub- 


sequent pages, are obtained, I need not say to you, that it is 
of extensive utility, and may be successfully applied in many 
I have only to request, that, if the paper here inclosed meets 
with your approbation, you will communieate it to the Royal 


Society. For, although I think I cannot be mistaken re- 
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specting the utility of the invention explained in it, yet such 
is my respect for that learned body, that I am unwilling to 
send them any paper of mine, on so difficult and important 
à subject, till it has been examined = an able Oy” of: the 
2 oi | | 
I am, 

IE _ &c. 


JOHN] HELLINS. 


: 
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An improved Solution of « a Problem in FP Astronomy, &c. 


1. The 1 of 4 motions of the 8 in x their 
orbits, by the action of one upon another, is a curious phæno- 
menon, which, while it affords to the philosopher a clear proof 
of the general attraction of matter, produces a problem of no 
small difficulty to the astronomer ; viz. to compute the quan- 
tity by which a planet, so acted upon, deviates from an ellipsis 
in its course round the sun: a problem which hath called forth 
the skill of several of the most learned Philosophers and astro- 
nomers of the last and present age. 

A preparatory step to the solution of this problem i is, to find 
a convenient expression for the reciprocal of the cube, or ra- 
ther of the n power, of the distance of any two planets. Such 
an expression was first given by M. Eul En, in series proceed- 
ing by the cosines of the multiples, in arithmetic progression, 
of the angle of commutation; but the calculations of the first 
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two coefficients in it were very laborious, requiring the sum- 


mation of series of the common form, which converged very 
slowly. Aſterwards, other series were discovered by other 
authors, whereby the same coefficients might be computed with 
less labour; the best of which, that I have seen, appear to be 
those that were pointed out to me by Dr. MASK ELVNE, in- 
vented by M. Ds La G RANGE, and published in the Memoirs 
of the Royal Academy of Sciences at Berlin, for the year 1781. 
Vet, the calculation of the two first coefficients, A and B, for 
the perturbations of Mars, Venus, and the Earth, by his me- 
thod, is not shorter, if it be so short as by my method, to the 
investigation of which I now proceed. 


2 * | PROBLEM. | IGG 
f 2. To determine the volver of A, B, C, D, &c. in the equation 
75 — = (A+B. cos. x+C . cos. 2z+D. cos. 32, Ge.) 


E being the arch o a circle of which the radius is 1, and b lese 
than a. 


First, to o find the coefficient A. 


8. The fluent of the right-hand Side of this equation is * z 
+B.sin. 244 C. sin. 224 D. sin. gz + 4 E. sin. 42, &c. 
which evidently vanishes when x ; and, when 2 14139. 
Sc. the arch of 180", it becomes barely = Ax, the sines of 2, 
2x, 32, Sc. being then each o. If, therefore, the fluent of 
the first side of the equation be taken, the increase of it, while 
2 increases from o to 3. 14159 Sc. = 7, will be = 2 A7 and, 
W A will be determined. 


| . See M. Euits's Institutiones Calculi Integralis, Vol. I. p. 150. 


«© 


* 


the following equations: 5 


b) 2 b Je 
x= 22, (hana eee eee 1— v); 
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& Now, to find the fluent of TD] app we have fag. 


== a- * being put = the cosme of 2; in which 


expressions, while 2 increases from o to g: 147 59, r will de- 
crease from 1 to - — uw Therefore, to obtain a more convenient 


then, while 1 decreases from 1 to 


a—bz., 


expression, put 5 IS 5 


— a+b | 
— 1, vv will increase from to 15 13 ac we shall have 


a—bz=(a+d) vv, (abr (ab) w , a ,. 


[ 


3 a—(a+b)vv. __ — — 24.9 5—4 
Jo = POOR 5 8 + vv) = 


+b —b b 
— . — T —50 = _ 
these equations, = chat following are —— „banned, viz. 


meg VII- = bee 
(io) ( cc)]; and, 


— (ab) 2 5 hy 2 


N= . r Han Ta wa 


_ 2 5 
and, lastly, = NINJA = = Va—vo) (ov = e = 57 mY 


(ab- 7 — D the fluent of which may be found 


when the value of u is given. 

Fe Now, the values of n with which astronomers are most 
concerned, are 5 and £, Let, therefore, + be written for n, and 
the radical quantity V (1—vv) be converted into series, and 5 
the last expression will be | 


k 
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r 2 eee oy +27 1 75 8 15 oe 


2 8 
* — 
J „ * a 5 v - neue ws 


1 2200 
e 2 * Nn e? 
8 Vo r e 
"ow the Alena of these several terms, without their cell 
_clents, are as 4 ang : 


gy 960% e = Loves), 
ISS i cv 
fon. H. L. —— | S bj: 4.0 — 


3 /(vo=cc) voce __ | 5 
eee ee e, 

Leeres 

ee FO 1 DE ny 
T ec : 
7 9 2 50 e 

; n 5 

: These Gund: 1 multiplied by their proper coefficients, 
| and collected — and the whole multiplied by the com- 

4 mon . (a+ b) 2, the fluent sought will be 


| 24 (vc) 
c 


a+b +, 
J ) $a+20+ Sy +2430 


6. We must now inquire whe value this series has when 


b 
Z = 0; in which case, æ being = 1, vv i And 


it will appear that, with this value of vv, every term of the se- 
ries vanishes, 50 that the fluent needs no correction. If, there- 


_ we compute the moet of this series when x = u, i i. e. when 
2 I, and vv 77 = 1, we shall have the value of ks, 


— . a = 
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and consequently, A will be determined. But, with this value 
of v, the terms &, y, J, &c. lose all convergency by the geo- 
metrical progression v, v', v*, &c. and the computation of the 
value of the series, by the common method, would be more 
laborious than the computation of the jenny arch of the | 


- „Sc. Here then 
2. f 7 


we are stopped. But, by contemplating this series, expressed 
in terms of « and c, as it stands below, a very different method 
of obtaining the value of it is MES 


circle, by the series 1 + . + 3 + 


„ 
x z | 3 c 1 
4 ET 4-2 4+2 
3-5 — 3:5 (1—cc) 3-5:3ce4/ (1—cc)| 1 | 
4 Wee 4-0.4 EF * . | 0 
227 3:5:74/(I=cc) z ZIS VG cc | 3.5.7-5.3 ty/(1—cc) | 
4-9-9 Fo 46.86 . 46864 T E645 c. 5 
3-5-7-9 ___ 3-5-7-94/(1—Ccc). , 37-2. 70C/ (1—cc) 3-5-7-9.7-5*4/(1—Cc) 92 
4-6.8.10 FORE 4-6.8.10.8 * 4.6.8. 10.8.6 + 4-6.8.10.8.6.4 c. 
Sc. 3 Se. r 


Here it appears, ist. That the geometrical progression 1, cc, 
. c, Sc. has place in the first, second, third, &c. columns of 
2 quantities on the right-hand side of the equation, the terms of 
F which, when ö is nearly = a, decrease very swiftly. | 
2dly. That, in the diagonal line of quantities in which « en- | 
ters, besides this decrease of the terms, by the literal powers | 
before mentioned, the numeral coefficients are so simple that 

a considerable number of the terms may TOE be com- 

puted. | 
. gdly. That, if this diagonal line of quantities be taken away, 
the first, second, third, &c. infinite columns of quantities which 
C 
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remain will have the literal factors (1 —cc), cc i- cc). 
&/(1—cc),.&c. respectively, which are in | the progression 
- before mentioned. 

Athly. That, if the sum of the wſicite Series of numeral co- 
efficients below the line, in each of these columns, can be ob- 
tained, then the original series, which had lost all convergency 
by the literal powers v, v', v', Sc. may be transformed into 
two others, in which the literal powers will be cc, c, Sc. 

8. But the sums of these infinite series are attainable, and 
are as follows: | 


7 55 ＋ 4 l 
| =i H. L. 2 = ; 


8 2575 I. 222  3:5-7:9-11:9 
4-0.4-2 +. 4 7.8.8.7 4 ＋ 4-6.8.10.8.6 + Tr us is 


E | | 33+ FH. L.2 = {5 
3-5+7:5e3 + 3:5-7:9-7-5 + 3:5-7:9-11-9-7 &c. is 


4.0.8.6. 4. 2 4.6.8. 10. 8B. 6.4 4.0.8. 10.12. 10. 8.6 
| HE .@ 
Se. 124 ca 


But these three sums are as many as are requisite, when the 
perturbation of the motion of either the Earth, Mars, or Venus, 
by the attraction of any one of the other, is to be computed. 

- 9. The sum of the coefficients in the first, second, and third 
columns i in Art. 7. being now obtained, take == « for the 


value of the series a (1 + = ace + Es, &c.), which will be 


exact enough for the purpose, and we shall "Ove; we Art. 35 35 
6, Waun and _—_— | | 
50. fed the Appendix. 


\ 
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24/(1—cc)- 
cc 
a * + FEES a 


+> (1—cc) ee ( 3 
and thence, by a more commodious arrangement of the terms, 
and dividing both sides by x, 


8 — z ce 
1 7865 a 0 . 
10. The value of A, when n = 1; bis now found, let us 
next investigate the value of it win n =£; which, for. the 


Sake of distinction, in a use to be made of it in a subsequent 
article, I denote by A“. 


By writing £ for n in the fluxionary expression obtained in 


Art. 4. we have (a + b) 25 . which, by 


3 — vv) N (VV — => 
converting the radical quantity // (1— 5 into series, becomes 


* 2.4.6.8?” 


(a ＋ 5) „ ofa e 5 ＋ ET Ge. 2 


2 “ 1 


3 —— — 
1 * „ eee yf (vv — cc) 
— + + = 57 + 2 


4. 7 ITS 10? 
"Mw: the fluents of these terms, 2 their coefficients, 


are as follows: 


| . vv cc 2 28 — ec). 

Fe OP zeer* + „ 
3 a Set, 
WOT ct} > i efew 


Fee 


- 


v + View ee) __ 
H. L. 2 


” 


# = = lerer. e; and "FREY 


2 


as they are exhibited in Art. 5. 
C2 


* : 
— Ä— —— — — — rr rn 


4.6.8. 10 


32.811 3. Z- - 1 (U-) ,, 3-5-7-9.11-7cca/(1=CC). 1 3:5.7-9-11-7+5 *4/(1—Ccc) 
8.101220 ͤ 4.5. 8. 10. 12.8 * * | „Ec. 


Ec. Sc. Se. Se. 
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These fluents being multiplied by their proper coefficients, 


and collected nh and their sum mie by the com- 


mon factor (a + b) * , we shall have 
2 (vv - cc) , 4 + (vv—cc) Sov — 72 
= T 
(a + d) 4 3 cv 8 ＋ 


+43a+<= 6 + ET » + 2529 &c. 


which fluent needs no 1 since, when v = c, the hate 


vanishes. The value of it therefore, when v = 1, will be A', 
which is what we want; and, in 8 it, the only difficulty 
is, to compute the series in which a, E, 5, Sc. enter, which 
may be overcome in the manner shewn above in Art. 7. For 
the value of this series, when v = 1, will be as follows: 


11. 1 4 % 


3.52 — "F5 v(1=c) Lee 
4. G = 4.6.2 * 75. 2 


3.8.7 3.5.7 (Ice) 17 1 | 2222 

4-6.8 8 4.6.8.4 + 4.6.5.4 ** 4.6.8.4. 2 

222. 3579 3 = 33.79 (cc) + 3-5. R 75 3-5-7-9e5+3 0% (1—cc) 
4-6.8.10,6 4.6.8. 10.6.4 4.5.8. 10.6. 4. 2 


4.6.8. 10. 12. 8.0 22 10. 12. 8.6. 4 


Here, by attending to the same things which were observed 
in Art. 7, we may easily obtain the values of as many of the 
infinite columns of quantities on the right-hand side of the 
equation as are wanted; which, for the planets Mars, Venus, 
the Earth, and some of the rest, are but three. 

12. The value of the series, of which &« is the factor, viz. 


a E: 3 _ + EE 35730, Sc.), will be obtained sufficiently near 


A, which is some 


for the purpose, by this expression, 2 


128 — B4ce 


what more exact than the three first terms ot 1 and the infi- | 
nite series 


„Er. 


— 
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2 + 5 + HA©L+ 112555 &c. is 
SH. L. a = N. 


2 2.7.9.8. 3.2211. * 
7. * 82 4-6.8.10.6.4 * mne 


FE h | == = H. 3 2 S ; 3 
3.5.7.9.5-3 + 3.5.7.9. 11.7.5 +  3-5+7-9.11.13.9.7 ae: 3 


INE TRAY 4.6.8. 10. 13. prog .8.6? 
| = Eh x + SET L. 2 =y',* 
We therefore now have 2 EI ＋ (1—cc) Tc c 


WS (1—cc) for e a near value of the infinite series * + 
356 + EI , Ce. 
1 Having thus obtained a sufficiently near value of the in- 
finite series which entered into the fluent, in Art. 10, we have 
only to add to it the three radical terms there 3 v being 


put 1, and to nnen the whole by (a+b) 2, OS we shall 
mn | 


24/(1=—cc) SUS — 
„ pens — as a 5 
A=(a+d) 7x4 A 26-2 


128 —S4cc 


+X/(1=ccd) +pery/ (15) +! f\/ (1c); 


which equation being more concisely expressed, and divided 
by T, * a 

g96—23cc 
1 128 84e 80 


; | 
3 
= (a+6)% Yu ce 3 2 e cc We). 


— 


* See the Appendix. 
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Secondly, to find the Coefficient B. 
14. ay the equation in Art. 2. by 2 cos. z==2 7, and we 
shall have 2 IT 


x cos. 22+ D x 2 cos. ⁊ x cos. gz, &c.); which, because 2 cos. z 
* cos. m is = cos. (m — 1) z ＋ cos. (m + 1) z, will be = z 
(2A. cos. x ＋ B (1 ＋cos. 22) + C (cos. 2 + cos. gz) + D (cos. 22 
+ cos. 4 z), Sc.)“ And, by taking the fluents, we have 


fu 2A. sin. 2 TBZ ＋ B. sin. 22 ＋ C (sin. 2 ＋4sin. 3 z) 
+ D (2 sin. 22 + + IL Sin. 4 2), &c.; which equation, when 2 = - 


=2(Ax 2008. 2 +B x 2 cos. x cos. x +C x a cos. ⁊ 


$'14159, Cc. = 7, becomes —— = barely B 2 = Bx, the 
sines of z, 22, 32, Oc. being 0% 
15. Now it appears, by the notation in Art. 4s thit e 72 r 


S 2 — 2 
== 7777) — Z_— (ab / x — Day woe)? and that 7 = 
— SLA LA we therefore have, a uw n 
212 — 24 20 ů 2 | — 7 
c= Vi (a-by © TE. TU) (mer) 3 
| 1 —2 20, 8 


Da) ee ee e 
of which two fluxions the fluents may be found, when u has 


any particular value. | 
16. First, let n be 2 _ the last Ae en in hs pre- 
be din beco 2090 © 2 
g article ca ming, x (iu) / (vo—cc) 29 5644 507 * 
—.— Now, the fluent of the affirmative part of this 


Vi- vu voce) * 


—_— is evidently == x the fluent of the fluxion in Art. 5s 


See Siurson's Miscellaneous Tracts, lemma I. p. 8 


1 


a Problem i in physical Astronomy. 19 

that is, = E Ar and the Gr 11 by converting (i vr) 
vy : of 

8 ey: the == (1 * * 1 1 5 * 


As Sc.) ; the fluent of which appears, by =_— to be 


into series, will become 


502 T0507 — « +6 1 = 3 IT — 25% - + ET Sc.). which will vanish 


when vc, and | ee needs no correction; and, when 
P=1, the series, without the factor, will be as follows: 
2% =2% | | 


= =] 42 


1 erf = 3.3 O's | 
47 1 ＋ oy" 


3. 3-.5/(1—ce) 3-5. 5ee/(1 00) 3-5+5:3c*x/(1—cc) 
| = | | oh 0.6.4 ＋ 45642 £ „Ec. 


22 3:5-74/(1—cc) Ta 3:57.70 (Ice) = 3.5.7.7. 56 (ice) Se 
8 : ; 


77858. 4.6.3.8 4-6.3.3.6 '2-6.8:8.6.4 
&c. 5 Se. &c. 
N ow, the sum of the infinite series 


2 ＋A T7 een, 15 2 


Tg 


a. 464 $627 - 6 = 
r 75 7 f 76h: 2 Ge. being = 2H. L -2=0, 


3-5+5-3 . 3 22.2.2 3. 2-211.11.9 | 
of = 4-6.6.4.2 T 75.3.3.6.7 4.6.8.8.6.4 T+ 4-6.8.10.10.8.6 * 4.6.8. 10. 12. 12. 10.85 Ec. 


==> + 2 H. L. 2 r, Ge. - 8 


By proceeding as above, in Art. 9, a sufficiently near value 


of the whole series will be obtained in this expression, 
n= a+ u cc) (p ce + 7c); and this, multiplied 


10—gcc 


- = its proper factor, * 


* 
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e 
(4 K b) + „i- cc) Lan for the other part 
of the fluent sought. And sincg, by Art. 14, this fluent is 
= Br, we —_ by dividing both sides * Ty 


32 —IOCC / 
16-9 cc | 


2 

N 41+ ing (++ c+70), which 
is its value when 1 = 3. 
17. We are next to find the 6s of this coefficient, aa 
n ; which, for the sake of distinction, I denote by B'. 

With this value of n, the flaxionary expression in Art. 15, be- 

25 + — — 
On v/ (Luv) / (voce) —— == woe) * 

which being compared with the fluxions in Art. 5 and 10, it 
will * that the fluent of the former part, when v = 1, is 


== T, and that the fluent of the latter part is = - I An; 
which fluents, taken together, are, by Art. 14, = B'. There- 


fore we have MBA FAST (A's —A), 


21 An 


| Thirdly, to find the Values of C, D, E, &c. | 
18. The values of the coefficients A and B being now found, 
corresponding to the values of n 5 and £, we might proceed in 
the same manner to find the value of C. For, if the equation 
in Art. 2, be multiplied by 2 cos. 2 2, and cos. (m — 2) 4 . 
cos. (m + 2) x be written for 2 cos. 22 x cos. M2, it will become. 


r þ (9 A x00 97 + B (000.5 + 009.99) + 


C (1 + cos. 42) + D (cos. z + cos. 52), Sc.) And the sum 
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of the fluents on the right-hand side, when S r, will become 
8 barely CX c T. Therefore, the fluent of the leſt- hand side 


of the equation, when 2 = TY or 6 4 


rn 
voy N x (vu— — , when 


v1, an th The * of this fluxion, it is evident, 
will EY of three parts, the first and second of which, n be- 
ing =, are obviously attainable from the values of A and B 
above found in Art. g. and 16.; and the third in series similar to 
those which have been given in the former part of this paper. 


It is evident also that, if a be = all three parts of this fluent 


are attainable from thè values of the two coefficients already 
found, and C would be = 2A _ (B'a—B). 

19. And in this manner may the other. coefficients, D, E, 
F, 3 be determined. And since the cosines of gz, 42, Cc. 


= 4 — 3, 8 ** — 82 + 1, Sc. u respectively; and since 


r., it is evident that the numerator of the fraction 


into which the fluxion in the preceding article | is to be multi- 
plied, will be always of this form, viz. pτꝗã uu f rA sv &c.; 
from which it follows, that, if the values of A', A, A, Sc. cor- 
responding to n, 1 — 1, „ 2, &c. be computed, the values of 
C, D, E, F, and all the rest, may be found in terms of A,, A, 

A, Sc.. with the coefficients a and ö. But, since the easiest 
method, that has come to my hands, of computing the values 
of C, D, E, Sc. after A and B are found, is explained in M. 

Eur En's Institutiones Calculi integralis, Vol. I. p. 181,“ 1 Shall 


* The coefficients 2, 3, and 4, after 2C sin. 3D sin. and 4E sin. in line 8 of the 
page above referred to, are wanting; and — is printed for + before 2 C, in line 13. 


And there are press errors in many other places. It is to be regretted, that so exctl- 
lent a book was not more correctly printed. 


D 


res - N= (a—ba)" ? „when al. 


22 Mr. HELLINs's improved » Solution, of © 


„ a; 


not pursue this method any further; but, having examined his 
process, and corrected the errors of the press which occur in it, 
now give the equations expressing the values of C, D, E, F, Sc. 
which were obtained by that method. 


20. For the sake of brevity, let d; then bee pn 
2 of C, rue 414 b eee by . 
c * 
| (n+1)B—44C 
D= n—3 
EF. +2 (#42) C=64D 
E === 
F CAA 
n—5 _ 
= | where the law of continuation is very obvious. And the parti- 
| cular values of these letters, when u = 2, 2, and 2, will be as 
| COAT Er RRP columns: 1 | 
i=; | n=} | _n=4 
| D==>C—SB. |—C—=B 5 * 
E= ο = |E=D—Zc | E=D—2c 
n 8 
; „. 1 5 I 
F 9 E 45 9 7D —E — 
Sc. | &c 5 = Ge. ; 


perhaps be satisfactory to the reader to see how the sums of 


Art. 7, 11, and 16, were obtained; the investigations of which, 


21. The sclution of the problem being now finished, it may 


the very slowly converging numerical series, which arose in 


= 
"= 


3 


@ Problem in physical Actronomy. 23 


because they would have detained him too long from the im- 
mediate subject of this paper, if they had been inserted i in it, 


are 4. Ae in the following Appendix. 


9 % 
: 13 
75 


| AN APPENDIX 10 THE ' FOREGOING PAPER: "op 
| be which the Method of obtaining the Sums of the very. slowly 


converging numerical Series which are used therein, and of | 
many others of that Kind which arise in the Fluents of Bino- 


mial Surds, is explained and illustrated: and some Observa- 


tions, tending to facilitate and abridge the Computations of 


tbe Coefficients A and B, are added. 


. As, the sums of the very Aowiy a . 
Eh which arose in Art. 7, 11, and 16, of the preceding paper, 
are not exhibited in any book that has come to my hands, and 
as series of that kind frequently occur, I conceive that the fol- 
lowing method of obtaining their sums will be acceptable to 


the lovers of mathematics i in general, and particularly to those 


who have frequent occasion to use the sums of such series. 


And, having observed, while considering the literal expressions , 


in the preceding paper for the values of A and B, that others, 
no less accurate, might be derived from them, by which the 


arithmetical operations would be facilitated and abridged, I 


thought these observations might likewise be acceptable to those 
who are engaged in the theory of astronomy, and have inserted 
them also in this paper; which, therefore, consists of two prin- 
cipal parts, the summation of the N converging series, and 
the observations now mentioned. 


* 
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£ „ * 


l. "The Summation ws the lowly converging Series, 


i ob But. before I begin the investigation, it will be is to 
premise a few particulars, an attention to which will shorten 
and facilitate the operations now to * performed. 

ist. That ⁊ 22 being — 1++/(i=99) 


* 


i+/(1-99) 7 V 1-99) * 1+ YG-90), 
bs H: from which | it * Tolows, that H. L. of 
nn 
IDS. 3 2 H, L. . 
5 l 
n That the fluxion of H. L.- pra 9 1 . 3 


— 2 For its = the hosen of — H. L. - 


2 bs 
3 * 70 — and, if both numerator and de 


nominator of this een be multiplied by — V1 570. 


| 1 — 18220 e, ee 
it will become 7 TG: = TAP. 1d wach n e = 
gdly. That the H. L. r 7 is therefore = fas 


2 + 4 + B+ 2h Sc. 


Athly. That, _ being put = /(1 —yy), the fluxion of 


8 = tee + + A. fror it will be 8 
== 7 bs —— 1 = 95 N = at Fer . 
. 


2 een arty beet as U 2 2 188 ＋ . 2 IJ. 
| are circumscribed by a parallelogram, it denotes that a substi- 


be 
* 
* 
85 
2 
_—_ 
N. 
N 
"= 
75 
5 
Kt 
2 
459 
1 
3 
* 
B 
WH 
U 
5 
nu! 
I, 
7 
JS 
43 
2 
4 
1 
"EZ 
=M 
8 
IJ 
4 
5 


1 
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tution for these quantities has been made in the same equation 
in which it occurs, and consequently that they are no longer to 
be considered as part of that equation. This I have found to 
be better than cancelling, as it answers the same end without 


obliteration. 

We may now proceed to the summation of the series before- 
mentioned, in which the utility of what has been premised will 
quickly appear. | 

3. As it does not seem necessary to set down the operations 


of computing the sums of all the series which arose in the pre- 
ceding paper, I will make choice of the summation of those 


which occur in Art. 11, they being the most difficult, as the 
. examples to illustrate this method. | 


It is well known that the expression Si is 25% 
3 —3 1 coy, | 8 
+ 22 + —— 15 LT 222 + 4 LN, Ge. 


i 8 2.4 2:46 © —2.4.6.8 . 


from which equation we have 2 — 2 5 9 - — |, 903 1 


(1 
2 = 2559 + E257 e Ge. Now the fluents of 
.eu _ 31-59 2M Pary 
the terms on the Rl 40 [+Z HED 2 
first side are 
. , —SH.L-y[+5 Kg >) 


3599 þ 3:5-7-99* 
on the second side, the fluents are — 7 7— — + 7885.10.85 


Sc. And, to find whether these two expressions are = each 
other, or have a constant difference, we may compute their 
numerical 2 5 y T's. put = any small simple fraction, 


such as 78, 188, or 525532 either of which values of y is a very * 
convenient one for the purpose. But an easier method to dis- 


* 
WE SR ET VT, 


* i 
— — — on 


—— 7 err — — 
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cover the constant quantities which lie concealed in some of 
the terms on the first side, is to convert that side into ere by 

the binomial theorem; which will then be as follows: 


EXELL = DT Ar Ge. 


n MT f . Ge. 
tor fig = F354 +49” 
+ZUH.L. ITT” . —zH. — +1263 G. 


The sum is = «„ #* T HIS, TS Sc. 
which evidently differs from the series on the second side by 
the constant quantity 4; 4 H. L. 2. We therefore have, by 
subtracting this constant 84 from the first side, 


L- — LL 
"OE en ii ane 


; | 8 ee 8.10.4 
which, when y becomes = 1, , becomes. 

«„ „ 42 H. L. a . by 
ren r= 2 ++ Aer, 6e 
which is the series denoted by * in Art. 12. of the preceding 
4. If the equation of — in the preceding Article be di- 
vided by 5. and if 2 09 be then taken from both sides 


rnd be ite rt L. 
23 3 1157 
| Xs EH eee e 
＋ . py nag 81 
And, if this wor oh be put into fluxions, and Q be written 
for (125), for the sake of brevity, there will be 


Se. 


l . We shall have 


2.9.05 
* 4.6.8. 10. 12.8 Ge. 


= this equation, more concisely exproaed and divided Mm y, 
| 


—— SI) — — — 


25 . 
—. 8 1 3. 2.2 329. 9 — 
+( 2y7 5 255 165 + 5 = 2x2 —8— o 15 10.6 1 „ 10. 12.8 2 28 oy, 


Now the fluent of the series on the second side of this equation 

is found, by the methods which have been long known, to be 
2222 2 

22 + IE. 4.6.8 765482 4 22 — 4 Sc. and the fluent of 

the terms on the first side will be very easily obtained, by the 


following assumption, and attention to what was shewn in Art. 
2. of this paper. \ 


| 
| 
| 
| 
For the fluent of the terms on the bust side of this equation : 


assume 
+ + ++ LA 5 e 


Aon: bo | —_ 
P D 

R 72 1 9 
+ ++ © | | 
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5 which being put = the fret Side of 


the foregoing equation, there will arise as many almple equa- 
tions fox determining the coefficients a, b, c, &c. as there are 
letters of that kind in the assumed fluent, from which their 
values will easily be found. For there will be a 


6a A, from which — 


12 

4 54 — , 5 f. 

2c=gb+f+4 = 

Se. {= 

„ "> 

"=, p=D, 

47=b 422. 
n da 
N 2280. 


The variable part, 12 of the fluent of the first side of che 
above een is 


2 Nr r + «(5+ * 
. ly 7-1 8 a 


Now, to discover the constant quantities which lie concealed j in Ef 
this MED, we must proceed as above in Art. g. 
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i r 55 +a + ale + nay, . 
CORRS _ 3 e F< = "Px 12. e Ge. 
2 e ene. 
e e e 
The sum is + =» =: * : * „ — + = . Ge. 


which exceeds the series above found, by the constant N 


7 We therefore now have 


Ql=- _ N . ls] + 15 ; * 


1 1 3.2322 1. 3:55:7:9:530 . 
5 47 + TY 3257 192 = 4654 Tr Teng 


: 1 a Sc.; and when y becomes 15 2 being then 
o, and u = H. L. 2, this equation becomes 


Tarek. 
which is the value of in Art. 12. of the preceding paper. 
5. If the last literal equation be divided by „ a and 3:5-7-39 


4.6.8.4.2 
= 297” he then taken from both sides, we hal have 


512 
: 5 = hs 50 ＋ * Tce 4 


+ 3 nt ip 1 „ 2 
| 7 ** A. | 192y 3 - 


Ge 9 tel 20 See Art, a 


— 


& 
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3:57:59 3:5:7:9-11-735 . 9.11132 % fg. 
4.6.8. 10.6. 4 * 46.8. 10. r 46.8. 10. 12. 14. 10.8 Sc. 


| urn equation, in fluxions, gives 


| „ A ee E 2 


7 | 5.2 | 2 | 
12 25 | 127 1765757 Q £0 8 
e E ＋ 7659 
r * og hoo 
5.7 1 105 
＋ — 1255 e 19255 + 
| * ; F > 25 JIEI 5 2 
8 y* 16% . 
24.2222. J. 3:5:7:9:11-7-:555* 3:5-7-9-11-13-9-7.j 259 
4.6.8. 10.6.4 TIT 10. 12.8. * 4.6.8. 10. 12. 14. 10. 8 &c. 


And this 9 more _— expressed, and divided by 5. 
gives 


A ang 2 16 767 — 15 (= * Hp) 
105 


+3(=#£ 125 Ip r 5% $129] 


7:9:5:333 . 3:5:7:9-11-7-5 597 3.5.7.9. 1.13.9. 7 jy* 
18 1684 + ISIS * z 1 Ce. 


Now the fluent of the fluxionary series on the second fits 


of the equation being obviously the- Series 4 — — - 2+ 


ee . SES90L197% Ge, we are next to take the 
fluent of the expression on the first side, and to correct it, that. 
it may be = this series; which may be done as follows : 


For the fluent _ assume 
Epi ler 
+ 5 4 1 — 7H. L. y, and take the fluxion 
of this e n ” which "will be 5 ; 


* 


r 
R 
FA OY ESE 
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— a 8 i; - 
* + —— * b)\ | 
a Ss = + 2 
| 
| 
+ 4 — . | 
y: and these fluxionary terms 
being put to those on the first side of the preceding equa- 
tion, there will arise e | 
84 = > from which 42 == . bg | 
a | 2 | | 
$2.0 : 5b +f+2 48˙ 0 PEE: , 
| —105 | 
2d=gc+g+5 i”, d = Ip" 5 
1 ; 9 | 
09 LW | | 
awd TT HOT 
N r 
— d, N 8 
. * = 
1 N 
4 69 gk nf 15 | ; 
F 471 2 ＋. 1 = 0, 
l | _—_— = Zi" 


[ 
8 
TS 
ä 
[| 
O 


ax 
; E 
= 2 
« 
- 
2 
* 
» 
« 
* 
- 
* 
— 
0 Y 
1 
7 
» 
— 
% 
. 
- 
- - 
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Our assumed fluent, therefore, i is | 
—35 = 105 | 105 
bs 169 75 ng 1 + 2 (24+ 55+] 


+ == 11 + 185 * — 77255 ky which may be cor- 


rected in the manner shewn in the two vo preceding er or 
more expeditiously, as follows. 

It is pretty evident, from the correction of the PEN in the 
preceding Article, that the constant quantities which lie con- 
cealed in this fluent, will appear in those terms only, (when 
the radical quantity (1 — yy), and the logarithm u, is ex- 
pressed in series,) in which the index of y is o. Thus, the con- 
stant quantities will appear as below. 


9＋＋ 


eee e 


5 The zth term of 2 7 W is Wn x 6 = = Tin.46.70 
The 4th term of e is 7 on 15 x = = 5 
The 3d term of D — is EE 5 855 ——— = , 
The 2d term of = N is _ * == Ties 


and the terms in which the index of 9 is o, in the logarithmie 
part, viz. | 59 + = 5 Sc. (=> 3 RELA + 85 


, * hs >. | 27 ** 27 . \ 
are these two, - | FE 1 950 16. 8 
| | E Is. - = 22 5 O 
0 8 5 8 and 2.165 8.1 
: The sum of these six fractions is 23. The equation of fluents 


therefore i WEE =; 1 


—=35 . — 477 325 1 22 
2659 e 18.10% 87% * 32 775 T8355 


37 DES... : 
* r 5 " 4.8.12 50 7596 = the series 


35-7:9-11-7-5 9" 
"ny 


4. 
E. 
3. 
8 

, = [ 
= 3 
| 
. 


1 37 1023 | Kun 
T + 16 Tos e 4096. Me 

_ 1 8 18 85 + 75 ien 7 + 22222 8 12 * Sc. which is 
the value of in Art. 12. of the foregoing paper. 

These three examples, I conceive, are sufficient to illustrate 
this method of summing the slowly converging numerical series 
which arose in the solution of the problem in che preceding 
paper. The three series of which the sums are now investi- 
gated are, as was before observed, the most difficult to sum of 
all that arose in that solution; so that, whoever understands 
what is done here, may, with great ease, compute the sums of 


the rest of the series which are found there, and of many others 


of this kind, which arise in the un of, pnoblem. 7 I - 


II. Observations, tending to Jacihtate” * abridge the — 


Computations of A and B in the preceding Paper. 


6 The radical factor A (14—cc), in the literal expressions of 
the values of A and B, may be taken away, by multiplying the 


other actors by its equivalent 1 — LE ＋ — 2 , &c. in con- 
sequence of which, other Spree wilt be . better 


— to the purpose of numerical calculation. This will ap- 


pear, by the following operations. 
0 The product. of ige % the 5 Peary in we ex- 


wle. 01 the value, of A, in Art. * of the e Paper, 
w 
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® 7? 's 
N 2128 1 4 A 1 


— — D — — 
1 


—— 4 — 


— , .,.. ²˙ öꝛ . ̃ , , 


1 
* 


who shall compute the value of the next coefficient. 5 


94 Mr. HELL Ixs's improved 
—+a+tpcchkvre e een 


cc * "bc „„ YIC. 1 


* 


re TN Kc 
. — Acc =. 
eee r Ac 
| 2 
where e, J, and g. are = A—1, 2—4N—4 „and v — 2 — 4 K— 5. 
respectively; in numbers = 193147, o. 1036802, and 
0:0687064, respectively. And this expression, which is evi- 
dently more simple than the former, is somewhat nearer than 
that to the value of the whole series, as will appear to any one 


7. In like manner, the product of the two factors in the 
* Ns in A 13. will be in it, 18 3 16 3291 3113 


cc | ”Y * 3 Sc. 


"uM 


Ae TIGE I 4 o 
3 3 C0 
7. 172511 £4 I: .\ -T S's te ont 1 0 
* 2 re Hab ice. ie. 
. „ 70 þ ice RC 
I 5 4 7 
ety dHeg FF ; NT 73 CC — 7 C . Oc. 1 J rect | 3 
A 


3 
3 
1 — vp 


which expression also is more cimple than that from which * 


is derived, while the accuracy of it is not less, as is pretty evi- 
dent on inspection. And, that the numerical values of 5, 55 


and þ, are very easily attainable from the values of X', A., and / , 


ROY 
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given above in Art. g, 4, and 5, of this paper, is very obvious. 
In a subsequent Article, these values will be inserted. 

8. And the product of the two factors in the value of B, in 
Art. 16, may also be exchan ged for a more > CONYENIont expres- 
son, 7 a like process. 1 


th THAT — To OE Sa ae. | 
7 ee 5 
TS Ae ge =1 #1664 ne. 
g r 


5 which expression also is more accurate than * from which 
it is derived, as well as more simple. The numerical values of ; 
and m, which are evidently given from those of p, c, and r, 


will be inserted a little further on, when we come to an re 

of calculating the values of A and B in numbers. 3 
g. The numerical calculation of the other member also, in 

which a enters, may be facilitated and abridged, by the follow- 

ing considerations. 

If c be put for the sine of an angle, radius TOR» 1, when will 

_ * be the versed-sine of the supplement of that angle. 


and - 7 7 Tech will be = the tangent of half that angle; from 
which it follows, that the reciprocal of this quantity, viz. 
IS , is = = the co-tangent of half the angle of which the 


sine is c. The common logarithm-of - may therefore 
be taken out from TavLon's excellent Tables, and quickly con- 


verted into an W logarithm, by. Table XXXVII. of | 


Dopson's Calculator. | 
„These valuable Tables a are e computed to every second of the e quadrant. 


ä — ͥͤ ä́—¹kU—— 
—— —— ͤ ꝗ—oĩ — een 7 
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10. An expression of this kind. Eee dee, When e is the only va- 


rec 


riable quantity, consisting of OR figures, and r and s are 
likewise long numbers, will be much better adapted to the use 


of logarithms, when put in this form, — — x CT —_Y because the 


multiplications of 7 and s into cc, or additions of their loga- 
rithms and taking out two numbers, are by this means ex- 


changed for the addition of the constant logarithm of = —: the 


quotients - Land L, once found, being constant numbers. Thus 


** 2c 
| FO 


figures, is more easily obtained by 4 = | , than "by 1 the | 
former expression. hs Fall 

11. But it will appear upon Wal. that the arithmetical he 
Fay three terms p gcc c, in which 5. 4, and , are 
constant quantities, and cc consists of five or six places of 
figures, may, in general, be more Aue þ obtained by logarithms 


chan the artthmetical Fals of — — „ee ; And, since the dif- | 


* a= ——$X- cc 


the numerical ts of even E, where 7 and s are single 


ference of the values of these 5 expressions is inconsiderable 


in the present case, I shall make no further use of the frac- 


tional expression; but observe, that the logarithm of 9 ec, in 
the other expression, being found, the logarithm of c“ will be 
had, by adding to it the logarithm of Hee; for qcc x Eoere n 
And, since the = ſn of the numbers which Stand in the 
Places of g and - may be taken out and reserved for use, and 
the logarithms of cc and a, once found, will serve for all the terms 


in which these quantities occur, it will appear by an example, 
that neither many logarithms, nor many numbers correspond- 
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ing to logarithms, need be taken out . other tables, in n com- 
E of A or B. _— gs 


* 4 1 

1 by £ 1 2 22 ads N 5 * 3 MA A « F PRES : 
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4 KY 


12. It will now > proper, since the literal expressions of the 
values of A and B have been exchanged for others which are 
more convenient, to bring the new equations together in one 
view, and, after that, to give an example of the — cal- 
culations by them. 3 

It appears, by Art. 9, 10, ** 16, and 17 of the preceding 
Paper, and 6, 7. and 8 of this, that „ 
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a B (4 — A). 1101 55057 191 port n 1191119; nin 
In which equations, the values of the coefficients are as follows 
e = 01931472, 5 = o0:0823604, p =1 3862944, 
Fo 1036802, . 4 = 010551502, # = 0:9465736, 
g= 0:0687064, = = 0:0408g09, = 01798886. , 


90 
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13. The constant numbers which will be wanted, in com- 
puting the arithmetical values of A and B, are those denoted 
by e, b, and p, which are given in the preceding Article; and 
the constant logarithms are the following, which are respec- 
tively set down to as many places of figures as are requisite. 
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14. An example, to illustrate the method of computing ng "by 
these theorems, may now be proper. | eee The 

Let it be required to compute A ad B by the ist and 3d 
theorems, in Art. 18. when the two planets are Venus and the 
| Trhis arithmetical work may stand as follows, in three co- 
| lumns, the logarithms being in the middle, and the numbers 
1 corresponding to them on the two sides; where a distinction 
is made, which is too obvious to need any description. By this 
| arrangement, a frequent 1 of words number, and lo- 
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First, for the value of A 1 1 01  baoubor 
Numbers. — 


Here a = 1526,71“ . 
and 5 = 1441, 60 Ar. c Deer 1 . 
4 — 4 85 = won. 1 2 2:8949;3053 * 5 


475.868 . 8 


— 2 74223, 5 3s . 
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Bum of these two logs. F682 _ - 


The sum of these four terms ia: 
If Having now found the value of tlie ene 4 py Er cc. 
ee 72 
Te, e müst next find the value of 
1 9 Is 30 2dr: 1 _ YER 1337 - 
terms . EPTES e. 6 Y en FOb 27 FR 
follows : ibbiwa ot ai Ilia 3 EM 
. Half the logarithm of cc is 1.211 1 = of 9 21 
3228; and half this angle is 4 40“ 4614, the logarithmic co- 
L | tangent of which is 1:0869,576; and this common logarithm 
1 „ I was favoured with these numbers by Dr. MasxzLvng. | 
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Sum of these two logs. 4692 
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1 386380 = gw 
000916 c 
00001 g=m cr 
0103309 = :L acc 


n 4 0 f 1 of : 4 0 858.349 
e 07934487. 


Diff. of these two logs. 0 00750 nw 
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4 0. 1828,91 


Sum of 'these t two logs.” 0. 0.8709, 1 59 
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mo 83 = 


0. 0.7951 840 
— O˙1411 141 


7 (Aa - A) 962,981 


We have now the values sought, viz. A 
B = 8.6357; and from these may the values of C, D, E, Sc. be 


* 


629999 KA 


869571 —B. 


4'8756, and 


easily found, by the equations given in Art. 20. of the preceding 
paper. I have set them down here only to five places of 
figures, it being evident, from the value of a — b, that the result 
cannot be depended on to more places than five, which, how- 


ever, are very sufficient for the purpose. 
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I have taken notice above, in the computation of B, that, of 
six terms wanted, two were ready, one of them being a con- 
stant quantity, and the other computed in the preceding ope- 
ration; and it may be remarked, that, if the two terms in which 
c“ enters had been omitted, the difference in the result would 


not have been 80 much as 2 in the fourth place of decimals, 


which is inconsiderable. Therefore, of the six terms in this 
expression, two are given, and two more only need be com- 
puted in this case. 


And it may be further remarked, that the term e is always 
given in the expression of the value of A, and that the two 


terms in which c“ enters may be omitted, as that will occasion 


a difference in the result, of only 3 in the fifth place of de- 
cimals, which is quite inconsiderable. Of the seven terms, 
therefore, in Theorem 1. Art. 12. one is given, and four more 


only need be computed, when Venus and the Earth are the twa 
planets of which the perturbations are to be computed. 


15. My avocations calling me off from these delightful spe- 


culations, I must now put an end to this paper, without men- 
tioning some other observations which I have made on this 
subject. | 


May 6, 1797. 
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1. Ir was shewn, in Art. 9. of the first Appendix, that the 
1+ (1=cc) 


—ů ar * 


common logarithm of the fraction 


, When c is ex- 

pressed in numbers, might be taken out from TayLok's excel- 
lent tables, and converted into an hyperbolic logarithm by 
means of table XXXVII. of DopsoN's Calculator; which 


method of obtaining the H. L. I A is undoubtedly easier 


and shorter than the more obvious one of first computing the 
numerical value of that fraction, and then taking out the hyper- 
bolic logarithm corresponding to it from a table. But yet, that 
method of obtaining the value of a, easy as it is, requires, first, 
a search in the table for the angle of which c is the sine, and 
generally a proportion for the fractional parts of a second; 
then, a division of the degrees, minutes, and seconds contained 
in that angle, by 2; and, thirdly, another search for the loga- 
rithmic tangent of half the angle, and another proportion to 
find the fractional parts of a second. I was therefore desirous | 
A 2 
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of finding some easier and shorter method of performing the 
whole business, without the use of any trigonometrical tables, 
in which time is required, not only in searching for logarithms, 
but also in making proportions for the fractional parts of a 
second; and, after some consideration, I Ae that which 
I am now to explain. 

This method, then, together with some further observations 
which I have made for facilitating and abridging the work of 
computing the values of A and B, will make up the contents 
of this Paper. 


2. The H. L. *. , which was. denoted by a, both in 
the solution of the . and in the Appendix, is = H. L. 


2 oj - 3 c+ "I 3-5 cf * 
r ny Tn] Sc. and if, for the sake of distinc- 


tion, the _ letter a be put for H. L. — — we shall have @ a 


BY 7 A, Se. (of which series, the first three terms are suffi- 


cient for wb ene purpose); and this value of a being written 
for it in the expression « 1+ cc — _ 0 . which occurs in 
the first theorem in Art. 12. of the first Appendix, we shall 
| EDS 13: 3. 1 0 Bs 

have (1 + cc — — 2 X (a — lms 3 ; that is, by ac- 
tual multiplication, 


. 8 ZR AE 3'c* 3.5 cf | | 
WE L. Ty cc * . Ow T I T 278.8 f „Sc. (See Art. 2. of 
n INES 8 3/5. 


48.1 2.4.4 2.4.6.6 


Ge. and consequently H. I. 1X 9 22 7 — withbe .A. 
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| 3 . 4 
a + Face +$ ac 
n 68. ; 1 3 
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| Now the terms — & cc and — F cf may very easily be added 
to the terms fcc and ge, i. e. to o: 1036802 cc and o:0687064,c5, 
which will then become — o-1463198 cc, and — 0:11879g6 c; 
and, by denoting the coefficients of these new terms by the 
Roman letters — f and — g respectively, the first theorem in 
the Art. before mentioned, or the value of A, is 


+e—fcc— get 


— — X | | | 
n + a + = acc + 3 act 


3. The expression « [+ + = 2 cc + 85 00, which occurs 


in the value of A“, in Art. 12. of the first Appendix, i is = 


DP 
1 c ＋ 4˙12.32 ws 


Here again the terms — = cc and — — c* may very easily 


be added to the terms icc and kc, i. e. to 0:0551502cc and 
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0:0408309 c', and we shall have the two new terms — 
01323498 cc and — 011076091 C. Let the coefficients of these 
two new terms be denoted by the Roman letters — i and — k 
respectively, and the second theorem in Art. 12 of the fat 
Appendix becomes 


A fri- k⸗ 
_ Tum 2 2 © | | (345-21 5.21 
| | += a+ Lace + BLac 


* The product of &« . + 8c), which is found in 
the third theorem of the Art. before referred to, is = 


eee 


3 


© ooo 
1 4 
wh" | ©4440 Wl 23 + ace + ae 
$6 ail —+ cc 2 


> | 
—— 
Here likewise, the terms — cc and — rec may be added 


to 0:9465736 cc and o· 1993226 , Which are = Icc and mc 
respectively ; the coefficients of which being denoted- by the Ez 
Roman letters 1 and m, the third theorem in the Art. before YH 
referred to becomes | = 
ler me 
285 6 8 1 0644 4 / | | 4 

=b(a+d) 3 + 2a + acc act. 


5. These new forms to which the theorems are now brought, 
it is evident, are no less convenient, and on examination they 
will be found no less accurate, than the original ones; and, that 


the common logarithm of , (and consequently the hyperbolic 
logarithm of it,) is much more easily and expeditiously obtained 


: Bs 
7; 0M 
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than the common logarithm of e , even with the use of 


TAVLOR's excellent tables, is too RY to need a description; ; 


and therefore it follows, that a computation by these new for- 
mulæ will be easier and shorter than by those in the first 
Appendix. 

6. But there are still some RL by which the compu- 
tations of A, B, &c. may be further facilitated and abridged. 

It is pretty evident, to any one who contemplates the coeffi- 
cients of the nn terms in the first three theorems, that 


the terms a + g acc ac, in the first theorem, being once 


found, the logarithmic W of the second and third theorems 
may most easily be derived from them; in consequence of 
which, the greater part of the time of writing down the loga- 


rithms of 17, 32, +, and F, of twice writing down the 


logarithms of acc and ac, and of 1 in the tables for 


R 
the numbers corresponding to Fark acc, and 1 the 


second theorem, and for those which correspond to g acc, and 


1 
which I am next to explain. 
7. The three terms a, zacc, and 3 ac, which are found in 
3:5 


—— ac“ in the third theorem, is saved. These are the expedients 


the first theorem, are evidently to the pi terms 4 a, Fig acc, 


and N 151 ac, which are found in the second theorem, in the 


ratio of 1 to 4, 1 to g, and 1 to 3 respectively; or as 1 to 1 — 4, 
1 to 1 — F, and 1 to 1 —£; by which mixed numbers, the 
logarithmic terms in the second theorem may more easily be 
derived from those in the first theorem, . by the fractions, 


as will appear further on. 
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8. It is no less evident, that the three logarithmic terms a, 
3 acc, and g ac, mentioned in the preceding Art. are to the 
three logarithmic terms 2a, I acc, and —ac*, which occur in 
the third theorem, in the ratio of 1 to 2, 1 to 4, and 1 to£ 
respectively; or as 1to1+1,1to1 + 4, and 1 to 1 +4; by 
which mixed numbers, as was observed in the preceding Art. 
the logarithmic terms in the third theorem may be more easily 
derived from those in the first theorem, than by the fractions. 

g. The first of the logarithmic terms in the first theorem has 
already been denoted by the Roman letter a; now let the 


second and third, viz. g acc, and act, be denoted by the 
Roman letters b and c See, ; and let the sum of these 
three terms, viz. a +3acc+ — ac, now denoted by a bc, 
be put = S; then, by Art. 7. the logarithmic terms in the 


second theorem will be (1 — 4) a, (1 0b, and (1 — ;) c; 
b 
and the sum of these terms will be be- 
a b 


„ 2 where S is given, it being = the three 


logarithmic terms in the first theorem, with which the compu- 
tation ought to begin; and the 4, +, and + of these terms respec- 
tively, afe very easily computed without r use of . e 
as will hereafter appear by an example. 

And the logarithmic terms in the third theorem will like wise 
be denoted by 2a, (1 ＋ ) b, and (14) e respectively; the 
sum of vhich is = a + b +c +a+4b+4c=S+2+>+=, 
where 8, as well as a, b, and c, being given, the fractional parts 
are very easily computed without the use of logarithms. 
10. Having now described these short and easy methods of 
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logarithmic terms from them, and having. introduced a new 
and more compendious notation of several of the terms in each 
of the first three theorems, it will be proper next to exhibit tliose 
theorems. in this improved state, and, after that, to _ an 
example or two e euer by them. 
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11. We might now proceed to an example of computing by 
these theorems; but it will be very convenient first to set down 
the constant numbers and constant logarithms which are to be 
used in these computations. ! 

The constant numbers, taken from Art. 12 of the first 
Appendix, and Art. 2, g, and 4 of this . are the fol- 
lowing: 

eo 1931, 472, 5 0'082g,604, p = 1:3862,944, 

f = 0:1469,198, i=0:1g29,498,  l=0:1594,264, 

g = 0:1187,936, k = 011076,091, m=01331,774. 

| B 


computing the values of a, b, and c, and of deriving the other 


g | Pit 5s * , PY * 20 1 , * £4 1 ae 8 2 3 3% {3s ; 8 2 2 
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And the constant logarithms to be used in these calculations 
are the following, which are eee Ga Set down to as 5 rilany 
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3 2 * 0:3010,300, .. 1 5 757400. 1. FT: 1 e 0 
L. 3 2 1 1·82 99,087, L. == of „ L. o 04971, 499, 
L. f i 163g, o, en 7 121%, 1. 11. 11839, 1, 
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L. ＋ 21910, . — = 1'910,. +3 L. a Te 


By comparing "I Art. 18 of the first Appendix, 
it will appear, that the number of logarithms used in the new 
formule is very considerably less than the number used in those 
from which they were derived; and still fewer will suffice, since 


the term 1 which occurs in the second theorem, is most easily 
derived from g the first term in the first theorem, the loga- 


rithms of = _ and cc, being there ready calculated; 80 that 
L. 4 2 7 = be used in the computation. 


12. Let us now compute A and B by the first and third of 
these new formu/e, v when Venus and the earth are the two 
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Solution of a Problem in Wann. W as 
First, for the value of KA. % öl to 
Numbers. Fogarithms. Numbers.“ | 
Here a = 1:5236,7 } | £:4988,913 
and b = 14451, 60 Ar. co. T'8400;84 1 1 
a — bo- 0785,11 IH FRA 
a + b = 2 9688,31 * 472,856 
a- . == 1 50 220 _ 2:42233450 [43431 
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Sum of these two logarithms 5-920 — 0:00008 = = g 
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The sum of these ſour terms is IN | 75581761. | | 

Hxving no found the vidue-of the fourterms'+ =+e — ; 
A we must next 12 the value of the 555 logarithmic | 
terms a + 3 acc þ 3 Tac“, or a +b +c =S, which may 


quickly and easily be FRE as follows. 
The common logarithm of 2 is 0:3010,g00 


4 wt $f 3:3 'v > 


Half the common logarithm of cc is 1'2111,725 


The common logarithm of — is 1:0898,575; and this lo- 
garithm, reduced to an hyperbolic Warn by Table XXX VII. 


* See Art, 14 of the first Appendix, paragraph the third. 
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54 Mr. HeLLiNs's Second Appendix to the improved 
of DopsoN's Calculator, gives 2 — 2˙350949 =4. 
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Sum of these two nee 339597 o = a b 
cc 8 3˙218 e e ee 


Sum of these two logarithms 4614 — Hac=e 


The sum of these three terms is N 2038479 = S; to which 
add the gum of the four terms above found 75-81 761, and we have 
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r © lo 352 40 =all the terms. 
eee ee 1 8940 52 
n 3-011. 1:2060;282 . 


The diff. of these 5 : 
87 A. 
„ bono. "]o880,941 45 7556 — 


1 3. We are next to compute the value of B; which compu- 
tation will be much facilitated by the use of numbers already 
found in the computation-of the value of K. The — 
work may stand as follows. 
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+(Aa—A) 0:9g62,987 863572 B. 

14. We have now the values sought, viz. A = 4.8756, and 

 B=8.63g57; which values, computed by the new formulæ, 


agree with those which were given in the first Appendix, | 


which is one proof of the accuracy of the new forms to which 
the theorems are brought. And, that the calculations of these 


numbers are eee facilitated and abridged by the use of 
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theorems from those in the first, will quickly appear 
iny one Who shall make trial, by a calculation both by the 
original formulæ and by those which are given in this paper, 
5 or who shall compare the computations of A and Bin the fist 


> Appendix,” with the computations here exhibited, 
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